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Abst ract - -Sys tem reliability evaluation for flow networks is an important issue in our modern 
society. This paper studies the system reliability that a given amount of multicommodity can be 
transmitted through a stochastic-flow network, in which each arc has several capacities, under the 
cost constraint. A simple algorithm is proposed to generate all (d 1, d2,. . . ,  dP; C)-MPs where d i is the 
demand of commodity i. The system reliability can then be calculated in terms of (d 1 , d2,. . . ,  d p; C)- 
MPs. (~) 2004 Elsevier Ltd. All rights reserved. 
Keywords - -Sys tem reliability, Multicommodity, Stochastic-flow networks, Cost constraint, Min- 
imal paths. 
1. INTRODUCTION 
Each arc of a binary-state network has good/bad states. The system reliability, the probability 
that source s communicates with sink t, can be computed in terms of minimal paths (MPs). An 
MP is an ordered sequence of arcs from s to t that has no cycle. Note that a minimal path is 
different from the so-called minimum path. The latter is a path with minimum cost. 
In a binary-state flow network, the capacity of each arc (the maximum flow passing the arc 
per unit time) has two levels, 0 and a positive integer. The system reliability is the probability 
that the maximum flow of the network is not less than the demand. Aggarwal et al. [1] solved 
this reliability problem in terms of MPs. 
A stochastic-flow network is a flow network in which each arc has several states or capacities. 
For instance, a telecommunication system can be treated as a stochastic-flow network in which 
arcs stand for transmission lines. In fact, each transmission line consists of several physical ines, 
and each physical ine has only successful or failure state. That implies a transmission line has 
several states in which state k means k physical ines are successful. Hence, the capacity of 
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each arc has several values. The system reliability is the probability that the maximum flow of 
single-commodity through the network is not less than the demand . Without cost constraint, 
several authors [2-6] had presented algorithms to generate d-MPs in order to evaluate the system 
reliability. 
However, in real world, many stochastic-flow networks allow multicommodity o be transmit- 
ted from s to t simultaneously, especially in the case that different commodity consumes the 
capacity of each arc differently. A broadband telecommunication network is one of such flow 
networks in which multicommodity (audio, video, etc.) share the bandwidth (capacity of an arc) 
simultaneously. Assuming the flow network is deterministic (i.e., the capacity of each arc is a con- 
stant), many authors [7-12] discussed the multicommodity minimum cost flow problem, which is 
to minimize the total cost of multicommodity. The purpose of this paper is to extend the system 
reliability problem for a stochastic-flow network to a multicommodity case under cost constraint. 
The system reliability is the probability that the given demand (d 1, d2,. . . ,  d p) can be transmitted 
through the stochastic-flow network under total cost C, where d k, k = 1, 2 , . . . ,  p, is the required 
demand of commodity k. The concept of MPs is used to discuss the flow assignments. A simple 
algorithm is proposed to generate all (d 1, d2,. . . ,  dP; C)-MPs, then the system reliability can be 
computed in terms of (d 1, d2,. . . ,  dP; C)-MPs. An illustrative xample is shown in Section 4. 
2. MULT ICOMMODITY  FLOW MODEL 
Let G = (N, A, M) be a stochastic-flow network with source s and sink t where N denotes 
the set of nodes, A = {a~ I 1 < i < n} the set of arcs, and M = (M1, M2,. . . ,  M~) with M~ 
the maximal capacity of a~. Let xi denote the (current) capacity of a~, and it takes values from 
{0,1, 2 , . . . ,  Mi} with a given probability distribution. 
2.1. Assumptions and Nomenclature 
1. Each node is perfectly reliable. 
2. All commodities are transmitted from s to t. 
3. The capacities of different arcs are statistically independent. 
4. Flow of each type of commodity must satisfy the flow conservation [13]. 
Ix] the smallest integer, such that Ix~ > x. 
Y <_ X, (yl, y2, . . . ,  yn) -< (xl, x2, . . . ,  xn), if and only if y~ _< xi for each i = 1, 2 , . . . ,  n, 
Y < X, (yl,y2,... ,yn) < (xl ,x2, . . .  ,xn), if and only if Y <_ X and yi < x~ for at least one i. 
2.2. Multicommodity Flow Assignments 
Suppose P1, P2, • - -, P,~ are MPs from s to t. The multicommodity flow model for G is described 
in terms of the capacity vector X = (xl, x2, . . . ,  x~) and the flow assignment (F 1, F2,... ,  FP), 
where F k -- (f~, fk2,..., fkm) with fk denoting the flow (integer-value) of commodity k through Pj, 
j = 1, 2 , . . . ,  m, k --- 1, 2,. . .  ,p. Such an (F 1, F2,.. . ,  F p) which is feasible under X satisfies the 
following condition: 
k=l a~EPj 
for i---- 1 ,2 , . . . ,n ,  (1) 
k (real number) is the weight of commodity k on arc ai, i.e., the consumed amount of where wi 
capacity on a~ per commodity k. For instance, in transportation systems, if a container loads 10 
amount of commodity 1 exactly, then a commodity consumes 1/10 amount of the container. 
1 1/10. The value If the capacity is counted in terms of the number of containers, then ~v~ = 
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~,sv~ f ]  is the flow of commodity k through ai and v'p tw~ z.,k=~ i " ~-'~ieP~ f))  is the consumed 
capacity of ai under (F ~, Fe , . . . ,  FP). For convenience, let Cx denote the set of (F 1, F2, . . . ,  F p) 
which is feasible under X. Similarly, (F 1, F~, . . . ,  F p) • CM if it satisfies 
for i = 1,2, . . . ,n.  (2) 
k denote the transportation cost of each commodity k through hi. Under X, the net- Let c i 
work G satisfies the given demand (all,d2,...,d p) under the total cost C if there exists an 
(F 1, F~,.. • , F p) • Cx satisfying both constraints (3) and (4); 
m 
~-'~]~ =d k, k= 1,2, . . . ,p,  (3) 
j= l  
Cki • 
k=l i=l  ~ j 
(4) 
The value P n k )-~k=l ~'~i=l(Ci "~-'~Cmp~ f ) is the total transportation cost under (F 1, F2, . . . ,  FP). 
Let ~ = {X I there exists an (F 1, F2, . . . ,  F v) C Cx satisfying constraints (3) and (4)}. The 
system reliability Rd~,d2 ..... dP;C is thus 
Rd~,d~,. . . ,d~;C = Pr{~} = ~ Pr{X}, 
XEf~ 
where Pr{X} = Pr{xl} x Pr{x2} ×. . .  x Pr{x,~}. (Note that Pr{x~} is the probability that the 
capacity of ai is exactly x~.) Each minimal one in fl is named a (d 1, d2,.. . ,  dP; C)-MP throughout 
this paper, i.e., X is a (d 1, d2,.. . ,  dP; C)-MP if and only if 
(i) X • 12 and 
(ii) Y ¢ ~ for any capacity vector Y, such that Y < X. 
Hence, 
Rd~,d2 ..... d~;C = Pr {Y I Y >_ X for a (dl ,d2,. . . ,dv;C)-MP X} .  
2.3. Generate All (d 1, d2,..., dP; C)-MPs 
Let ~ = {(F 1, F2, . . . ,  F p) I ( F1, f2,  ... , FP) satisfy constraints (2)-(4)). For each (F I , F  2, 
. . . ,  F p) E (I), generate the capacity vector Zf l , F~ ..... fP  : (Zl, z2, . . . ,  Zn) via 
Zi ~ 727i L 
k=l  a~EPj 
for i = 1, 2, . . . ,  n. (5) 
In fact, ZF1,F2 ..... FP C ~. For convenience, let • = {ZF1F2 ..... F~ I ( F I ,F2,  "'" ,FP) C ~}. We 
will first see that k~ contains all (d 1, d 2 . . . .  , dP; C)-MPs in the following lemma. 
LEMMA 1. LetX  bea(dl,d2,... ,dP;C)-MP. ThenX--ZF~,F2 ..... Fp for each (F1 ,F2 , . . . , F  p) • 
Cx n,~. 
PROOF. For each (F 1, F2, . . . ,  F p) • Cx n ~, constraint (1) says that Zp~,F2 ..... Fp -< X. Suppose 
that ZF~,F2 ..... F~ < X, then ZFLF2,...,F~ ~ fl as X is minimal in ft. This is a contradiction. 
Hence, X ---- ZF I ,F2  ..... FP. 
The following lemma further shows that ~min -- {X [ X is minimal in ~} is the set of 
(d 1, d 2 . . . . .  dP; C)-MPs. 
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LEMMA 2. {X I X is a (d 1, d2,. . . ,  dP; C)-MP} = ~mi~. 
PROOF. First, suppose that X is a (d 1, d2,.. . ,  dP; C)-MP (note that X E • by Lemma 1) but 
X ~ Omin, i.e., there exist a Y 6 O, such that Y < X. Then Y E ~, which contradicts that X is 
a (d 1, d2,. . . ,  dP; C)-MP. Hence, X 6 kSmin. 
Conversely, suppose that X 6 Omin (note that X E f~) but it is not a (d~,d2,... ,dP;C)-MP. 
Then there exists a (dl,d2,.. .  ,dP;C)-MP Y s.t. Y < X. By Lemma 1, Y 6 • that contradicts 
to that X 6 ~mi~. Hence, X is a (d 1, d2,. . . ,  dP; C)-MP. | 
3. SOLUT ION PROCEDURE 
3.1. Algorithm to Generate All (d 1, d2,. . . ,  dP; C)-MPs 
As those approaches of [2-6] we suppose all MPs have been precomputed. 
STEP 1. (To generate ~): Obtain all (F 1, F2 , . . . ,  F p) with F k = (fk, fk , . . . ,  fkm) ' k = 1, 2,. . .  ,p, 
of constraints (2)-(4). 
STEP 2. (To obtain ~ from /b): Transform each (F1 ,F2 , . . . , F  p) into X = (x l ,x2, . . . ,xn)  
according to equation (5). 
STEP 3. (To obtain ~mi~): Suppose ~ = {X1,X2, . . . ,Xv}.  
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
I = ¢ (I is the stack which stores the index of each 
checking. Initially, I = ¢.) 
For i= i  To v and i~I 
For j= i  + I To v with j~ l  
If Xi >_Xj, I--I[3{i} and go to Step (3.7) 
Elseif Xj >X~,  I - - IU{ j}  
j= j+ l  
Xi is  a (dl,d2,...,dP;C)-MP 
i= i+1 
End. 
nonminimal X after 
3.2. System Reliability Evaluation 
Suppose there are r (dl,d2,...,dP;C)-MPs: X1 ,X2 , . . . ,X r .  Let Bi - {Y I Y >- Xi}, i = 
1, 2, . . . ,  r. Then Rd 1,d2 ..... dp;C = Pr{B1 [3 B20 ... t2 Br) can be calculated by applying several 
methods uch as inclusion-exclusion method [3,9,12,14-16]. Note that Pr{Y > X) = Pr{yl >_ 
Xl} x Pr{y2 _> x2) x . . .  x Pr{yn _> x~) by Assumption 3. 
4. A NUMERICAL  EXAMPLE 
We use the network in Figure 1 to illustrate the proposed approach. There are 4 MPs: P1 = 
{el,a2}, P2 = {al,aa,a6}, P3 = {as,a4, a2}, and P4 = {as,a6}. The arc data for a three- 
commodity case is shown in Table 1. If the demand (dl, d2, de) is set to be (2, 1, 1) and C = 300 US 
dollars, then the system reliability R2,t,lla00 can be calculated by the following steps. 
al a2 
s a s ~  t 
Figure 1. A bridge network. 
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Table 1. The arc data of a three-commodity example. 
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Arc 
al  
a2 
a3 
a4 
a5 
a6 
2 3 1 ~2 ~3 cl ci cl Capacity Probability w i 
(US Dollars) (US Dollars) (US Dollars) 
0* 0.01 
1 0.02 
2 0.02 
3 0.95 
0 0.01 
1 0.03 
2 0.03 
3 0.03 
4 0.90 
0 0.01 
1 0.03 
2 0.04 
3 0.92 
0 0.01 
1 0.02 
2 0.03 
3 0.04 
4 0.90 
0 0.01 
1 0.02 
2 0.03 
3 0.04 
4 0.90 
0 0.01 
I 0.02 
2 0.02 
3 0.95 
1 2 3 20 30 40 
1 1.5 2 30 40 45 
i 1 1.5 30 40 50 
1 1.5 2 20 40 50 
1 1.5 2 10 20 30 
1 2 2.5 20 30 40 
*Pr{the capacity of al is 0} = 0.01. 
STEP  1. Obta in  all F 1 1 1 F 3 = (fl,f~,f 3,f1), F2 2 2 2 ( f l , f~ , f~, f  2) and ( f l  3, 3 3 = = f2, S~, f4 a) of the 
following integer-programming: 
(2) 
[f~ + .:2 ~ +2/~ +2f~ +3S 3 +3S 3] _<3, 
V:~ + :~ + 1.5:~ + 1.5:~ + 2:~ + 2:~] <_ 4, 
[:~ + :~ + 1.5f 3] ___ 3, 
[ : ]  + 1.5f3 2 + 2s~] <_ 4, 
IS] + S4 ~ + 1-5.: 2 + 1.5:2 + 2:~ + 2f2] <_ 4, 
is1 + :,~ + 2:~ + 2:~ + 2.~:~ + 2.5:5 < 3, 
(3) 
s~+s~+s~ +s~-- i, 
f l  ~ +s~+s~+s~ =i ,  
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(4) 
{20(:11 + ]~) + 30(yt + f i )  + 40 (:~ + y~)} 
+ {30 (-: 1 + : ] )+40( :12 + -:~) +45( :1  a + :as)} 
+ {30-:~ + 40-:~ + 50-:~} 
+ {2o-:J + 4o-:~ + 5o:~} 
+ {10 (:~ + s~) + 20 (-:~ + -:5 + 30 (-:~ + s2) } 
+ {20 (-:21 + :41) + 30(f22 + :2) +40( :  3 + -:43)} < 300. 
Ten (F~,F2,Fa) axe obtained: (2,0,0,0,0,0,1,0,0,0,0,1), (2,0,0,0,0,0,0,1,0,0,1,0), (1,1,0, 
0,0,0,0,1,0,0,1,0), (1,0,1,0,1,0,0,0,0,0,0,1), (0,0,2,0,1,0,0,0,0,0,0,1), (0,0,2,0,0,0,0,1, 
1,0,0,0), (0,1,0,1,1,0,0,0,0,0,1,0), (0,0,1,1,0,0,0,1,1,0,0,0), (0,0,0,2,1,0,0,0,0,0,1,0), 
and (0, 0, 0, 2, 0, 0,1, 0, 1, 0, 0, 0). 
STEP 2. Transform all (F1,F2,F a) into X = (Xl,X2,X3,X4,Xs,X6) according to 
xl = V-:~ + -:~ + 2-: 2 + 2.f2 + 3f3 + 3-:~] , 
x~ = F-:l ~ 
• o= r-:]  
+ f31 + 1.5fl 2 + 1.5f 2 + 2f 3 + 2f3], 
+ f~ + 1.5f~] , 
+ 1.5f 2 + 2f~], 
+ Z~ + 1.5f~ + 1.5fg + ~f~ + 2s27, 
(5) 
After further checking, Xa, )(4, )(7, Xs, and X9 are all (2, 1,1; 300)-MPs. Let B1 = {X [ 
Z _> X3}, B2 = {Z I Z >_ X4}, B3 = {X I X >_ XT}, B4 = {Z [ X _> X8}, and B5 = {Z I 
X > Xg}. Hence, the system reliability R2,1,1;300 = Pr{B1 U B2 U B3 U B4 U Bs} = 0.81875647 
can be computed by the inclusion-exclusion method. 
5. COMPUTATIONAL COMPLEXITY  
The number of feasible solutions of equation (3) is 
) 
k=l  
• . = [f~ + f~ + 2s~ + 2fg + 2.5f~ + 2.515. 
We obtain X1 = (2,4,0,2,4,3), X2 = (2,4,0,2,4,2), X3 = (2,3,1,2,4,3), X4 = (3,4,0,1,3,3), 
X5 = (2,4,0,2,4,3), X6 = (3,4,0,2,4,2), Xz = (3,4,1,2,3,2), Xs = (3,3,0,1,4,3),)(9 = 
(2,4,0,2,4,2), and Xlo = (3,4,0,2,4,2). 
STEP 3. Check each Xi whether it is a (2, 1, 1; 300)-MP or not. 
(3.1) I = ¢ 
(3.2) i = 1 
(3.3) j = 2 
(3.4) X1 >_ X2. I = {1}. 
(3.7) i = 2 
(3.3) j = 3 
(3.4))(2 ~ )(3 and )(3 ~ X2. I = {1}. 
(3.5) j = 4 
(3.4) X2 ~ X4 and X4 ~ X2. I = {1}. 
(3.3) j = 5 
(3.4) X5 > X2. I = {1,5}. 
(3.3) j = 6 
(3.4) X8 > )(2. I = {1, 5, 6}. 
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Let 
~=l-I m 
k=l 
The number of solutions of constraints (2)-(4) is bounded by ~. Similarly, the number of Xs 
transformed according to equation (5) is bounded by ~. Hence, the proposed algorithm only 
needs O(n. ~) storage space in the worst case. 
Each solution of equation (3) needs O(mp) time to test whether it satisfies [~Vk=l(Wk •
~-':~a, ePj f~)~ <-- Mi for each i and O(mpn) time for all i. Hence, it takes O(mpn.  ~) time 
to obtain all solutions of constraints (2)-(4) in the worst case. Then it needs O(mpn) time to 
be transformed into X via equation (5) for each solution in Step 1. In the worst case, it takes 
O(mpn.  ~) time to obtain ~. In the worst case, the number of elements of ~ is ~, and so it 
takes O(n.  ~) time to test an element of ~ whether it is minimal in ~ and O(n • ~2) time for 
all elements. Hence, the computational time complexity of the algorithm in the worst case is 
O(n. ~2) = O(mpn. ~) -k O(mpn. ~) -b O(n . ~2). (Note that mp is less than ~ in the first two 
summands.) 
6. CONCLUSIONS AND DISCUSSION 
This article extends the system reliability problem to a stochastic-flow network for a mul- 
t icommodity case under cost constraint. The system reliability is the probability that the 
demand (d l ,d2, . . . ,d  p) can be transmitted through the stochastic-flow network under total 
cost C. Based on the properties of minimal paths, we propose a simple algorithm to gen- 
erate all (d l ,d2, . . .  ,dP; C)-MPs. Then the system reliability can be calculated in terms of 
(d 1, d2, . . . ,  dP; C)-MPs by applying the inclusion-exclusion method. In our model the trans- 
k is not assumed to be linear in w~. The main reason is that the transportation portation cost c~ 
cost is not only dependent on the dimension of commodity but also on other attributes of com- 
modity, for example, poison, vulnerable, fragile, etc. For the case that the transportation cost 
k is linear in w~. However, this condition is a is only charged in terms of consumed capacity, ci 
special case of the proposed model. 
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